Pricing lookback options under multiscale stochastic volatility. by Chan, Chun Man. & Chinese University of Hong Kong Graduate School. Division of Statistics.
Pricing Lookback Options under Multiscale 
Stochastic Volatility 
CHAN Chun Man 
A Thesis S u b m i t t e d i n P a r t i a l Fu l f i l lmen t 
of t he Requ i rements for the Degree of 
Mas te r of Ph i l osophy 
•“ i n 
S ta t i s t i cs 
‘ ⑥The Chinese University of Hong Kong 
July 2005 
T h e Chinese U n i v e r s i t y of H o n g K o n g ho lds the copy r igh t of th is thesis. A n y 
person(s) i n t e n d i n g t o use a p a r t or who le of the mate r ia l s i n t he thesis i n a 
p roposed p u b l i c a t i o n mus t seek copy r i gh t release f r o m the Dean of t he G r a d u a t e 
School. 
i fTTDTir)! 
i S i ^ ^一扇 
s y s t e m / - ^ 
A b s t r a c t of thesis en t i t l ed : 
P r i c i ng L o o k b a c k O p t i o n s under Mu l t i sca le Stochast ic V o l a t i l i t y 
S u b m i t t e d by C H A N C h u n M a n 
for the degree of Mas te r of Ph i l osophy i n S ta t i s t i cs 
a t T h e Chinese Un i ve r s i t y of H o n g K o n g i n J u l y 2005. 
A B S T R A C T 
T h i s thesis invest igates the v a l u a t i o n of l ookback op t ions and d y n a m i c f u n d 
p r o t e c t i o n under the mu l t i sca le s tochast ic v o l a t i l i t y mode l . T h e unde r l y i ng as-
set pr ice is assumed t o fo l low a Geomet r i c B r o w n i a n M o t i o n w i t h a s tochast ic 
v o l a t i l i t y d r i v e n by t w o stochast ic processes w i t h one pers is tent fac tor and one 
fast r r iear i - rever t ing fac tor . Semi -ana ly t i ca l p r i c i n g fo rmu las for lookback op t ions 
are der ived by means of mu l t i sca le a s y m p t o t i c techniques. Ef fects of s tochast ic 
v o l a t i l i t y t o op t i ons w i t h lookback payof fs are examined . B y c a l i b r a t i n g ef fect ive 
parameters f r o m the v o l a t i l i t y surface of van i l l a op t ions , ou r mode l improves the 
v a l u a t i o n of l ookback op t ions . We also develop mode l - i ndependen t p a r i t y rela-
t i o n between the pr ice func t ions of d y n a m i c f u n d p r o t e c t i o n and quan to lookback 
opt ions . T h i s enables us to invest igate the i m p a c t of i r i i i l t iscale v o l a t i l i t y t o the 
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L o o k b a c k op t ions p rov ide o p p o i t i i i i i t i e s for the holders t o real ize a t t r a c t i v e gains 
i n t he event of subs tan t i a l p r ice movement of the u n d e r l y i n g assets d u r i n g the l i fe 
of t he op t ions . For ins tance, the f l oa t i ng s t r i ke lookback ca l l a l lows t he ho lder 
t o purchase the u n d e r l y i n g asset w i t h s t r ike pr ice set as the m i n i m u m asset pr ice 
over a g iven t i m e per iod . Investors w h o speculate on the pr ice v o l a t i l i t y of an 
asset m a y be in terested i n the l ookback spread o p t i o n w h i c h payof f depends on 
t he rlifForenco l )c tweon m a x i m u m and m i n i m u m of asset pr ices over a ho r i zon of 
t ime . M o r e exot ic fo rms of l ookback payof fs are discussed i n E l Babs i r i and Noe l 
(1998) ar id Da i , W o n g and K w o k (2004) . 
I n t he insurance i ndus t r y , l ookback features appear i n m a n y insurance p rod -
ucts. Lee (2003) proposed t h a t equ i t y - i ndexed annu i t ies ( E I A ) can be embedded 
w i t h lookback feature. T h e concept of dynam ics f m i d p r o t e c t i o n i n insurance 
was f i rs t i n t r o d u c e d by Gerber a n d Sh iu (1999). I m a i a n d Boy le (2001) re la ted 
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th i s concept t o t he payof f of a lookback o p t i o n and der ived the i r i i d -con t rac t val-
ua t i on . Gerber and Sh iu (2003) considered p e r p e t u a l equ i t y - indexed annu i t ies 
w i t h d y n a m i c p r o t e c t i o n and w i t h d r a w a l r i g h t , where t he guarantee level is an-
o ther s tock index . W i t h log i ior r r ia l asset pr ice movement , C l i u ar id K w o k (2004) 
ana lyzed t he d y n a m i c f u n d p r o t e c t i o n i n de ta i l and showed t h a t t he proposed 
scheme of Gerber and Sh iu (2003) is indeed re la ted t o a lookback o p t i o n payof f . 
T h e v a l u a t i o n of lookback op t ions presents in te res t ing m a t h e m a t i c a l chal-
lenges. U n d e r the Black-Scholes (1973) assumpt ions , the p r i c i ng of l ookback 
op t ions becomes more t ransparen t . For ins tance, ana l y t i c fo rmu las for one-asset 
l ookback op t i ons have been sys temat i ca l l y der ived by G o l d m a n et al. (1979) and 
Coi ize a n d V i s w a n a t h a i i (1991). He et al. (1998) der ived j o i n t dens i ty f unc t i ons 
for d i f fe rent comb ina t i ons of the m a x i m u m , t he m i n i m u m and the t e n r i i i i a l asset 
values. These dens i ty func t ions are useful i n p r i c i n g lookback op t i ons v i a i iu i r ier -
ica l scheme or M o n t e C a r l o methods . D a i , W o n g and K w o k (2004) der ived closed 
f o r m so l u t i on for qua i i t o lookback op t ions . W o n g a n d K w o k (2003) p roposed a 
new p r i c i n g s t ra tegy for var ious types o f l ookback op t i ons by means o f rep l i ca t -
i ng p o r t f o l i o approach. T h i s s t ra tegy develops mode l - i ndependen t p a r i t y r e l a t i o n 
between d i f fe ren t lookbacks and der ives ana l y t i c represen ta t ion for m u l t i - s t a t e 
l ookback op t ions . 
However , t he Black-Scholes (BS) assumpt ions are h a r d l y sat is f ied i n t h e prac-
t i c a l f i nanc ia l m a r k e t , especial ly the cons tan t v o l a t i l i t y hypothes is . A s v o l a t i l i t y 
"smi le" is c o m m o n l y observed i n f i nanc ia l marke ts , var ious m e t h o d s are p r o 
2 
posed t o cap tu re th i s effect. T w o successful mode ls are j u m p - d i f f u s i o n models 
and stochast ic v o l a t i l i t y ( S V ) models. T h e f o r m a l app roach is more su i tab le for 
shor t m a t u r i t y op t i ons whereas the l a t t e r one is more su i tab le for m e d i u m and 
l ong m a t u r i t y op t ions . I n th i s thesis, we concent ra te on the l a t t e r approach. 
A t y p i c a l S V m o d e l assumes v o l a t i l i t y t o be d r i v e n by s tochast ic process. H u l l 
and W h i t e (1987) examined p r i c i n g van i l l a op t i ons w i t h ins tan taneous var iance 
mode l led by Geomet r i c B r o w n i a r i m o t i o n . Hes to i i (1993) ob ta ined ana l y t i ca l 
fo rmu las for op t ions o n bonds and cur rency i n t e rms o f character is t ic func t ions 
by us ing a mean- reve r t i ng s tochast ic v o l a t i l i t y process. Fouqi ie et al. (2000) 
observed a fast t irr iescale v o l a t i l i t y fac tor i n S & P 500 h i g h f requency d a t a and 
der ived a p e r t u r b a t i o n so lu t i on for E u r o p e a n a n d A m e r i c a n op t ions i n a fast 
inean- rever t i r ig s tochast ic v o l a t i l i t y wo r ld . T h e assessirierit o f accuracy of t he i r 
ana ly t i c a p p r o x i m a t i o n is r epo r t ed i n Fouque et al. (2003a) . 
T w o advantages of us ing fast i r iea i i - rever t ing S V are t h a t t he number of pa-
rameters of fcc t ivo ly used i n the m o d e l can bo m u c h reduccd and ofFectivc pa ram-
eter values can be ca l i b ra ted by a s imp le l inear regression approach. These make 
the m o d e l imp lemen t able i n the p rac t i ca l f i nanc ia l m a r k e t and hence m o t i v a t e 
research a long th i s l ine. T h e r e have been several t heo re t i ca l works on p r i c i n g 
exo t ic op t ions under t he fast i r iear i - rever t ing v o l a t i l i t y assumpt i on , see for exam-
ple: Fouque and H a n (2003), C o t t o n et al. (2004) , W o n g a n d C h e u n g (2004) and 
I l h a i i et al. (2004). 
E m p i r i c a l tests however suggest a m o d i f i c a t i o n i n s tochast ic v o l a t i l i t y models . 
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T h e emp i r i ca l s t u d y of A l i zedeh et al. (2002) documen ted t h a t there are two fac-
to rs govern ing the evo lu t i on o f t he s tochast ic v o l a t i l i t y w i t h one h i g h l y pers istent 
fac tor and one qu i ck l y rnear i - rever t i r ig fac tor . Thus , Fouque et al. (2003b) i r iod-
i f ied the i r ear ly w o r k by cons ider ing the mul t i sca le s tochast ic v o l a t i l i t y mode l , 
and managed t o ca l ib ra te a l l ef fect ive parameters f r o m v o l a t i l i t y smiles. As the 
ex tens ion of the mu l t i sca le v o l a t i l i t y mode l t o pa th -dependen t o p t i o n p r i c i ng is 
n o n - t r i v i a l and ind ispensable, t he present paper considers t he v a l u a t i o n of look-
back op t i ons w i t h t h i s mode l . T h i s w o r k is also insp i red by I m a i and Boy le 
(2001), w h o suggested t h a t f u t u r e research shou ld take a l ook at the d y n a m i c 
f u n d p r o t e c t i o n under a two - fac to r s tochast ic v o l a t i l i t y mode l . 
T h i s thesis con t r i bu tes t o the l i t e ra tu re i n the f o l l ow ing aspects. W e der ive 
a s y m p t o t i c a p p r o x i m a t i o n and i ts accuracy t o prices o f var ious types of lookback 
op t i ons under t he two - fac to r S V mode l . T h i s enables us t o u n d e r s t a n d how 
lookback prices can be ad jus ted t o fit v o l a t i l i t y smiles. W e also show t h a t floating 
s t r i ke lookback op t ions are i m p o r t a n t i r is t rurr ients t h a t can be used t o rep l ica te 
m a n y lookback opt ions . Speci f ical ly , we develop a model-independent resu l t t o 
rep l ica te d y n a m i c f u n d p r o t e c t i o n by quan to f l oa t i ng s t r i ke lookbacks. There fo re , 
d y n a m i c f u n d p r o t e c t i o n under t he s tochast ic v o l a t i l i t y m o d e l can be ana lyzed 
ef fect ively. T o i l l u s t r a te t he use of ou r mode l , we p rov ide n u m e r i c a l d e m o n s t r a t i o n 
for i m p l e m e n t i n g ou r mode l . T h i s a l lows us t o assess t he i m p a c t of mu l t i sca le 
v o l a t i l i t y on l ookback o p t i o n p r i c ing . 
T h e r e m a i n i n g p a r t of t h i s thesis is o rgan ized as fo l lows. I n C h a p t e r 2, we 
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i n t r oduce v o l a t i l i t y smi le and S V models. T h e n we give a br ie f overv iew on the 
i i i i i l t i sca le s tochast ic v o l a t i l i t y mode l o f Fouque et al. (2003b) . Us ing the S & P 
500 index o p t i o n da ta , we demons t ra te how t o pe r fo r i n c a l i b r a t i o n t o the v o l a t i i t l y 
surface. I n Chap te r 3, we i n t r o d u c e der ivat ives w i t h lookback features, i i i c lud i r ig 
f i xed s t r i ke lookback op t ions , floating s t r i ke lookback op t ions , l ookback spread 
op t i ons and d y n a m i c f u n d p ro tec t i on . I n C h a p t e r 4, we de ta i l t he i i iu l t i sca le S V 
m o d e l for p r i c i n g lookback op t ions . Speci f ical ly , wc der ive the p a r t i a l d i f fe ren t ia l 
equa t i on ( P D E ) for l ookback op t i ons w i t h l inear ho i i iogei ious payof f . A n asymp-
t o t i c so lu t i on t o the P D E is t h e n estab l ished by means o f s ingu la r p e r t u r b a t i o n 
techn ique, of Fouque et al. (2003b) . T h e accuracy of the ana l y t i c a p p r o x i m a -
t i o n is presented also. I n C h a p t e r 5, we develop the inode l - i i i depe i ider i t p a r i t y 
r e l a t i on t o connect pr ice func t i ons of f l oa t i ng s t r ike lookback op t i ons w i t h those 
der i va t i ve p r o d u c t s w i t h l ookback features. Speci f ical ly, we show t h a t d y n a m i c 
f u n d p r o t e c t i o n can be v iewed as a quar i to lookback o p t i o n . T o examine the 
i m p a c t of i i iu l t i sca le v o l a t i l i t y t o l ookback o p t i o n prices, we p e r f o r i n nu i i i e r i ca l 
analys is i n Chap te r 6. W i t h m a r k e t i m p l i e d (effect ive) pa ramete rs , we check the 
pr ice di f ference between the Black-Scholes lookback pr ice a n d ou r so lu t i on . T h i s 
enables us t o v isual ize the effect of mu l t i sca le v o l a t i l i t y m o d e l i n l ookback op t i ons 
p r i c i n g w i t h graphs. C h a p t e r 7 concludes the thesis. 
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Chapter 2 
Volatility Smile and Stochastic 
Volatility Models 
111 th is chap te r , we i n t r oduce the v o l a t i l i t y smi le and stochast ic v o l a t i l i t y ( S V ) 
models. W e w i l l see the app l i ca t i on of S V mode ls i n c a p t u r i n g v o l a t i l i t y surface. 
However ou r focus is the mul t i sca le v o l a t i l i t y mode l proposed by Fouque et al. 
(2003b) for p r i c i n g E u r o p e a n op t ions . 
2.1 Volatility Smile 
Black and Scholes (1973) assume the f o l l o w i n g asset pr ice dynamics : 
学 = ( " - + bt 
where St is t he asset pr ice a t t i m e t, Wt is t he W i e n e r process, ji, q a n d a are 
cons tan t pa ramete rs represent ing d r i f t , d i v i d e n d y i e l d and v o l a t i l i t y respect ive ly. 
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For a cal l op t i on w i t h payoff m a x ( 5 r - / v , 0), B lack and Scholes derive the p r i c ing 
formula : 
VBs(t,St) = Ste-q�T-t�N�ct) — Ke-T�T-t�N{cn, 
h i ⑶ / 幻 + ( r - q 土 ( T - t) 
where a = . , 
cr^T^t 
where t is the cur rent t ime, K is the st r ike pr ice of the op t ion , T is the m a t u r i t y 
of the op t i on and r is the r isk free interest rate. 
I n (2.1), the on ly parameter t h a t is not d i rec t l y observable is the vo la t i l i t y , 
a. Ma rke t p rac t i t ioners usual ly est imate i t by ca l i b ra t i ng t o t raded opt ions data . 
T h a t means they set marke t pr ice to be equal to the BS pr ice and then ex t rac t the 
vo la t i l i t y . T h e vo la t i l i t y ob ta ined in th is way is cal led the imp l i ed vo la t i l i t y . T h i s 
me thod worked qu i te wel l i n the ear ly 1980s. However, af ter the stock marke t 
crashed i n B lack M o n d a y on 19 October 1987, there is an effect cal led vo la t i l i t y 
skew/smi le observed i i i the der ivat ives marke t . 
A f t e r the marke t crashed, i t is discovered t h a t the imp l i ed vo la t i l i t y decreases 
w i t h the ii iorieyness , the s t r ike pr ice over the cur ren t asset pr ice ( K / S ) . T h i s 
p a t t e r n is shown in F igu re 2.1 where the S & P 500 op t ions d a t a are downloaded 
f r o m Yahoo on 4 Jui ie, 2005. T h e circles are the imp l i ed vo la t i l i t y of cal l op-
t ions w i t h m a t u r i t y 137 clays. T h e skow ofFoct is no t compa t ib le w i t h the mode l 
assumpt ion t h a t the v o l a t i l i t y is a constant . 
Rub ins te in (1994) suggests t h a t the reason for th is effect may be of "crashopho-
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F igu re 2.1: I m p l i e d V o l a t i l i t y against Moneyness 
ma rke t p rac t i t i one rs bel ieve t h a t re tu rns shou ld no t fo l low a n o n r i a l d i s t r i bu -
t i on , r a the r a d i s t r i b u t i o n t h a t has heavier ta i ls . There fo re t w o classes of mode ls 
are p roposed to cap tu re the skew effect. T h e y are j ump-d i fTus ion mode ls and S V 
models. T h e f o r m a l approach is more su i tab le for shor t m a t u r i t y op t i ons whereas 
t he l a t t e r one is more su i tab le for m e d i u m and long m a t u r i t y op t ions . I n th i s 
thesis, one of the focus is p r i c i n g the d y n a m i c f u n d p ro tec t i on , an o p t i o n fea ture 
embedded i n insurance con t rac t w i t h l ong m a t u r i t y , so we are focus ing on S V 
models . 
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2.2 Stochastic Volatility Model 
Stochast ic v o l a t i l i t y mode l is s im i la r t o the Black-Scholes mode l , except t h a t the 
v o l a t i l i t y is d r i v e n by stochast ic var iab le(s) . I n 1987, H u l l a n d W h i t e (1987) 
i n t r o d u c e the asset pr ice dynamics w i t h a s tochast ic vo la t i l i t y . T h e y m o d e l the 
ins tan taneous var iance as a Geomet r i c B i o w n i a i i M o t i o n t h a t is indepei ic le i i t t o 
t he asset r e t u r n and der ive t he ana l y t i ca l so lu t i on for Eu ropean op t ions . S te in 
and Ste in (1991) v iew the v o l a t i l i t y i tse l f as a i r iear i - rever t i i ig process. M e a n 
reve r t i ng process is a process t h a t is pu l l ed backed t o the l o n g - r u n average over 
t ime . T h e y ob ta i ned an ana l y t i ca l so lu t i on by assuming the v o l a t i l i t y process t o 
be i i i i co r re la ted w i t h the asset dynamics . 
Hes ton (1993) re laxed the assump t i on of S te i i i and Ste in (1991) t o a l low cor-
r e l a t i o n between assets and vo la t i l i t y . T h e n , closed f o r m so lu t ions are der i ved for 
b o n d and cu r rency op t i ons i n t e rms of charac ter is t i c func t ions . However one has 
t o emp loy i imr ie r ica l Four ie r invers ion t o i m p l e m e n t the c o m p u t a t i o n . 
Fouq i ie et al. (2000) examine t he S & P 500 o p t i o n d a t a and discover t h a t one 
fac to r govern ing the v o l a t i l i t y fo l lows a fast mean- reve r t i i i g process. I t iriearis t h a t 
the r r iean- rever t i i ig ra te is h igh . T h e y m o d e l the v o l a t i l i t y as a pos i t i ve f u n c t i o n 
w i t h a l a ten t fac to r , w h i c h fo l lows a fas t -mean reve r t i ng process. T h e y p e r f o r m 
p e r t u r b a t i o n techniques t o o b t a i n E u r o p e a n a n d A m e r i c a n o p t i o n prices. U n d e r 
th i s f r a m e w o r k , a large number of pa ramete rs can be reduced i n t o t w o g r o u p e d 
pa ramete rs only . Moreover , t he p e r t u r b a t i o n so l u t i on solely depends on these t w o 
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F igu re 2.2: I m p l i e d V o l a t i l i y against L M M R 
g rouped parameters , the Black-Scholes pr ice and Greeks. T h e most a t t r a c t i v e 
t h i n g of t h i s app roach is t h a t the t w o g r o u p e d parameters can be ca l i b ra ted w i t h 
a s imp le l inear regression. 
U i i f o r t i i n a t e l y the i r approach has i t s weakness. Since the skewness of the 
v o l a t i l i t y smi les varies across m a t u r i t i e s , a s imp le l inear regression m a y n o t be 
able t o cap tu re the who le v o l a t i l i t y surface. Unde r t he i r approach, t he i m p l i e d 
v o l a t i l i t y surface i m p l i e d by E u r o p e a n op t i ons is g iven by 
where 07 is the i m p l i e d v o l a t i l i t y a n d t he pa ramete rs ( 斤 , b ^ ) are used t o 
o b t a i n t he t w o g r o u p e d parameters . ？f is es t ima ted f r o m h is to r i ca l d a i l y i ndex 
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value over one m o n t h hor i zon . A f t e r regressing a j o n log- i r io i ieyi iess t o m a t u r i t y 
r a t i o ( L M M R ) , we can ca l i b ra te a ' and A lso , L M M R is def ined as 冗 ) . I n 
o rder t o show the pe r fo rmance of t h i s approach , we down loaded S & P 500 o p t i o n 
pr ices r e p o r t e d o n June 3，2005 f r o m yahoo. T h e d a t a consists of op t i ons w i t h 
m a t u r i t y greater t h a n a i i i o i i t h a n d less t h a n 18 m o n t h s , a n d inoi ieyi iess be tween 
0.7 and 1.05. T h e n we make a scat ter p l o t a n d fo l l ow Fouque et al. (2000) t o 
o b t a i n a regression l ine f r o m the d a t a as shown i n F i g u r e 2.2. I n t h i s f igure, t he 
circles are t h e i m p l i e d vo la t i l i t i e s p l o t t e d aga ins t t h e L M M R and t he so l id l ine is 
t he regression l ine o b t a i n e d f r o m the s imp le l inear regression. I t is observed t h a t 
s imp le l inear regression c a n n o t cap tu re such s i t u a t i o n . 
A l t h o u g h t h e app roach of Fouque et al. (2000) is i nadequa te t o cap tu re vo la t i l -
i t y surface, m a n y researches appeared t o pr ice exo t i c p r o d u c t s under th i s f ra i i ie -
wo rk . For ins tance, p r i c i n g f o rmu las on A s i a n op t i ons , ba r r i e r op t ions , l ookback 
op t i ons and in te res t r a te der i va t i ves are de r i ved i n Fouque and H a n (2003) , C o t -
t o n et al. (2004) , W o n g a n d C h e u i i g (2004) a n d I l h a i i et al. (2004) . 
However e m p i r i c a l s tud ies suggest t h a t s tochas t i c v o l a t i l i t y shou ld consist 
o f t w o fac tors , a s low t i rr iescale fac to r a n d a fast t in iesca le fac to r . A l i z e t h et 
al. (2002) p e r f o r m a n e m p i r i c a l s t u d y o n s tochas t i c v o l a t i l i t y m o d e l t o show 
the m e n t i o n e d resu l t emp i r i ca l l y . T h i s m o t i v a t e s peop le t o exp lo re t he effect o f 
i r i i i l t i sca le S V o n der i va t i ves p r i c i ng . 
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2.3 Multiscale Stochastic Volatility Model 
Fouque et al. (2004) develop a f ramework to price Eu ropean opt ions under the 
mul t iscale SV er iv i roi i rnei i t . S imi lar ly , the advantage of the i r approach is t ha t 
g rouped parameters can be ca l ib ra ted easily. T h e y mode l the vo la t i l i t y as a pos-
i t i ve f unc t i on of two la tent variables, one fol lows a fast rnear i - revert ing process 
and the other one fol lows a slow meai i - rever t i i ig process. T h e y derive ana ly t i ca l 
fo rmulas for European op t i on prices by us ing p e r t u r b a t i o n technique. T h e so-
l u t i o n is expressed in te rms of four g rouped parameters, the Black-Scholes price 
arid Greeks. T h e four g rouped parameters can be ca l ib ra ted t h r o u g h mu l t i p l e 
l inear regression. 
T h e approach of Fouque et al. (2004) ou tpe r fo rms t h a t of Fouque et al. 
(2000) on cap tu r i ng vo l a t i l i t y surface. Under the i r approach, the vo la t i l i t y surface 
imp l i ed by European o p t i o n d a t a is g iven by 
cTi ~ a(z) + + b\T - t)] + [a' + a\T - t)] 
T — t 
where the parameters (a(-2；), l / ) are re lated t o the four effective grouped 
parameters. a(z) is es t imated f r o m h is tor ica l da i l y index value over one m o n t h 
hor izon. A f t e r regressing cr； on t ime t o m a t u r i t y , log-moneyness and the interac-
t i o n t e rm, L M M R , we o b t a i n a', If, a^ and 
B y using the same dataset descr ibed i n prev ious sect ion, we produce F ig-
ure 2.3. I n th is f igure, the circles are the marke t i m p l i e d vo la t i l i t i es p lo t t ed 
against t ime to m a t u r i t y and log-ri iorieyness i n a th ree-d imens iona l space. T h e 
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Figure 2.3: Imp l i ed Vo la t i l i t i es on the f i t t ed vo l a t i l i t y surface 
surface p l o t t e d is ob ta ined f r o m the mu l t i p l e regression s ta ted i n (2.1) T h e R -
square ob ta ined is very close t o one and a l l the po in ts are f i t t ed to the surface 
w i t h a h igh qual i ty . T h i s approach can successfully capture the whole vo la t i l -
i t y surface. Recently, W o n g (2005) also generalizes the result t o the r i iu l t i s ta te 
o p t i o n p r i c ing p rob lem and ob ta ined a closed f o r m so lu t ion. 
I n th is thesis, we invest igate the impac t of n iu l t iscale SV on the der ivat ives 
w i t h lookback feature by us ing Fouque et al. (2004) approach. I n chapter 4, we 
give fu l l detai ls of th is n iu l t iscale SV mode l and the i m p l e m e n t a t i o n of ca l i b ra t i on 




I n th i s chap te r , we i n t r oduce lookback features of d i f ferent financial securi t ies. 
These p r o d u c t s inc lude some popu la r l ookback op t i ons i n the ma rke t , l ookback 
spread o p t i o n and d y n a m i c f u n d p ro tec t i on . T h i s chapter ends w i t h a rev iew o n 
the d e r i v a t i o n of f l oa t i ng s t r i ke l ookback o p t i o n p r i c i n g formulas. 
3.1 Lookback Options 
T h e payoffs for l ookback op t ions invo lve m a x i m u m value or m i n i m u n i value of the 
u n d e r l y i n g asset pr ice over a p e r i o d of t ime . I n the f inanc ia l m a r k e t , l ookback 
op t i ons arc of t w o types, f l oa t i ng s t r i ke lookbacks and f ixed s t r i ke lookbacks. 
T h e f l o a t i n g s t r i ke cal l ( p u t ) o p t i o n gives ho lder the r i gh t , b u t n o t ob l i ga t i on , t o 
buy (se l l ) t h e u n d e r l y i n g asset a t i t s i i i i i i i i n u m ( i i i a x i i r i u i n ) value observed d u r i n g 
t he l i fe o f t he op t i on . T h e f ixed s t r i ke cal l ( p u t ) is a c a l l ( p u t ) o p t i o n o n the 
rea l ized rnax i i r i u rn ( i r i i i i i i num) pr ice over t he l i fe of t he op t i on . T h e payof f of t he 
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op t ions can be w r i t t e n ou t ma thema t i ca l l y . We use the fo l low ing no ta t i ons t o 
ind ica te t he ex t reme values: 
M 厂 = 
rriT = i r i i i i S” 
t<T<T 
Payof f f unc t i ons of four popu la r lookback op t ions arc: 
1. F l o a t i n g s t r i ke lookback cal l : C f i (T , St, m j ) = St - m j ; 
2. F l o a t i n g s t r i ke lookback p u t : P f i ( T , S t , M ( f ) 二 M ^ — S t ] 
3. F i x e d s t r i ke lookback cal l : Cf ix{T, S t , M q ) = m a x ( A / 『 — K , 0); 
4. F i x e d s t r i ke l ookback p u t : Pf ix {T , S t , r r i ^ ) = m a x ( A ' - m j , 0) , 
where a l l payof f f unc t i ons depend on one lookback var iab le only. 
3.2 Lookback Spread Option 
Lookback spread o p t i o n has payof f depends o n b o t h t he real ized m a x i m u m value 
and r r i i r i imum value of the u n d e r l y i n g asset over a ce r ta in pe r iod o f t ime . A 
t y p i c a l l ookback spread o p t i o n has a payof f : 
L s p i T , S t , Mo^, m j ) = m a x ( M 『 - m j - K , 0) 
A s the payo f f depends on the di f ference between m a x i m u m a n d m i n i m u m of the 
asset pr ices, t h i s p r o d u c t a l lows investors t o specula te on the v o l a t i l i t y o f t h e 
u n d e r l y i n g asset. 
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3.3 Dynamic Fund Protection 
D y n a m i c f u n d p r o t e c t i o n is a p r o t e c t i o n fea ture added on a fund . T h e d y n a m i c 
f u n d p r o t e c t i o n feature ensures t h a t the f u n d va lue is upgraded i f i t ever fa l ls 
be low a ce r ta i n t h resho ld level. I n some insurance pol icy, there is i n v o l v i n g 
sav ing te rms. T h e p r e m i u m pa id by t he po l i cy ho lder no t on l y pa id for p r o t e c t i o n 
p r e m i u m , b u t also invested i n a u n d e r l y i n g f u n d for savings purpose. I n order t o 
increase t he a t t rac t iveness of the pol icy , d y n a m i c f u n d p ro tec t i on can be added 
in to t he po l icy . T h i s p r o t e c t i o n co i iccpt was f i rs t p roposed by Gerber a n d Sh iu 
(1999). 
T h e i i iechan is in of d y n a m i c f u i i d p r o t e c t i o n can be demons t ra ted t h r o u g h a n 
example. Suppose an investor ho lds one u n i t o f u n d e r l y i n g f u n d and p ro tec ts 
i t w i t h t he d y n a m i c f u i i d p ro tec t i on . L e t K be the p r o t e c t i o n f loor level w h i c h 
can be considered s im i la r t o the s t r ike pr ice of a p u t op t i on . T h e r e t u r n ra te of 
the p ro tec ted f u n d w i l l r ema in the same w h e n the f u n d lies above the level K . 
However ones the f u n d va lue goes d o w n be low the p r o t e c t i o n f loor K , a d d i t i o n a l 
cash is added ins tan taneous ly t o the p o r t f o l i o t o b r i n g i ts value up t o p r o t e c t i o n 
level K . 
Le t P{t) denote the value of t he p ro tec t i on . D e n o t e F{t) is the u n d e r l y i n g 
f und , the t e r m i n a l payo f f of t he p ro tec ted p o r t f o l i o shou ld be g iven by, 
F{T) m a x j 1, m a x — ^ \ . 
、’ \ 0<r<T F{T) J 
T h e va lue of t he d y n a m i c p r o t e c t i o n a t m a t u r i t y shou ld be g iven by sub t rac t -
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i r ig the naked f u n d f r o m the p ro tec ted one. Hence, we have, see I i r ia i and Boy le 
(2001), 
n T ) = F ( T ) m a x | l , m a x ^ ^ } - F{T). (3.1) 
3.4 Floating Strike Lookback Options under Black-
Scholes Model 
I n th i s sect ion, we discuss the p r i c i n g of floating s t r i ke lookback o p t i o n under 
the Black-Scholes assumpt ion . T h e p r i c i n g of l ookback op t ions is chal lenging, 
si i icc the payof f f unc t i ons invo lve the real ized c x t i c i i i c value of the u n d e r l y i n g 
asset over a ce r ta in p e r i o d of t ime . Recal l t h a t B lack and Scholes (1973) descr ibe 
the asset pr ice dyr ian i ics under the r i sk - i i eu t ra l measure by us ing a Geomet r i c 
B r o w i i i a i i M o t i o n , 
(ISt , 、 
where St is the asset pr ice a t t i m e t, Wt is t he W i e n e r process, r , q and a 
are cons tan t paramete rs represent ing r isk free in terest ra te , d i v i d e n d y ie ld and 
v o l a t i l i t y respect ively. Deno te U(t, S, S*) as t he pr ice f u n c t i o n for a floating 
s t r i ke lookback o p t i o n where S^ represents m[) or M q . T h e co r respond ing payof f 
f u n c t i o n is deno ted as H{S, S*). 
B y G o l d m a n et al. (1979) , U{t, S, S*) shou ld sa t is fy t he govern ing p a r t i a l 
17 
d i f f e ren t i a l e q u a t i o n ( P D E ) , 
芸 + '广 + , 厂 " = 0 ’ 0 < ^ < T , S < M , (3.2) 
T h e t e r m i n a l payo f f c o n d i t i o n is g iven by U{T, St, Mq) = H{St, S^). Since 
l ookback der i va t i ves invo lve t h e p a t h dependen t l ookback va r iab le t oo , t h e pr ice 
f u n c t i o n is needed t o sa t i s f y one m o r e b o u n d a r y c o n d i t i o n , 
£ L , 0 . (3.3) 
T h e last b o u n d a r y c o n d i t i o n is i n t u i t i v e . I t is because i f t he c u r r e n t asset pr ice 
o f t h e l ookback p u t (ca l l ) o p t i o n is t h e same as t h e rea l ized m a x i m u m ( m i n i i r i u r i i ) 
i l l t he c u i i e i i t moment,，one shou ld expect, t he p r o b a b i l i t y t h a t t h e rea l ized i i i ax -
i m u m ( m i n i m m n ) a t t h e m a t u r i t y rema ins t he same as c u r r e n t asset p r i ce is zero. 
T h e va lue o f t h e f l o a t i n g s t r i ke l ookback p u t (ca l l ) o p t i o n s h o u l d be insens i t i ve t o 
i n f i n i t e s i m a l changes i n MQ(mf)) . G o l d i r i a i i et al. (1979) showed t h a t t h e change 
i l l o p t i o n va lue w i t h respect t o i r i a rg ina l changes i n MQ^rriQ) is p r o p o r t i o n a l t o 
t h e p r o b a b i l i t y t h a t A/(5(mf)) w i l l s t i l l be rea l ized i r i a x i i r i u i r i ( i i i i i i i m u r i i ) a t t h e 
m a t u r i t y . For a m a t h e m a t i c a l p r o o f o n t h i s de ta i l , one m a y consu l t D a i , W o n g 
a n d K w o k (2004) . 
For l ookbacks w i t h l inear homogeneous p r o p e r t y , i.e. 
H ( t , S u M l , ) = S H ( t M ( S * / S ) ) (3.4) 
fo r some f u n c t i o n H(-). W e can reduce t h e i i u i r i be r o f i n d e p e n d e n t var iab les 
by one w i t h us ing t ra r i s fo r r i i a t i o r i o f var iab les. O n e s h o u l d no t i ce t h a t f l o a t i n g 
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st r ike lookback pu t o p t i o n payof f has th is l inear homogeneous proper ty . Le t 
X = \n{Ml^/St) and V = U/S, t hen the f unc t i on V{t,x) satisfies the P D E w i t h 
N e u m a n n B o u n d a r y cond i t i on , 
C b s V = 0 ， 0 < i < T , x > 0 , (3.5) 
V{T,x) = e ^ - l , 
彻 0 
where Cbs is an opera tor def ined as ” 
Now, we can reach the so lu t i on of f l oa t ing s t r ike lookback p u t op t ion . B y 
so lv ing the P D E (3.5) and t ra r i s fon r i i ng back the so lu t i on t o U{t, St, M o ) , the 
Black-Scholcs pr ice for floating s t r ike lookback p u t is g iven by 
p'fi = M j e - r ( 了 - 。 i V ( - S e - 収 - 。 A V 4 , ) (3.6) 
+ & + … ) 一 ^ 力 - 广 鳴 ) ’ 
In 杀 + 土引 ( : r —力） 2 ( r - a) , 
where N(-) is the cumu la t i ve d i s t r i b u t i o n f unc t i on of a s t anda rd n o r m a l r a n d o m 
var iab le. 
S imi la r l y , we can der ive the so lu t i on for the f l oa t ing s t r i ke ca l l op t i on . T h e 
lookback f l oa t ing cal l t e r m i n a l payof f satisfies the l inear homogenous c o n d i t i o n 
and by t ra r i s fonr i i ng x = l r i (m f ) / 5 t ) ar id V = U/S, the f u n c t i o n V{t,x) satisfies 
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ano the r P D E : 
CbsV = 0, 0 < t < T , ^ < 0 , (3.7) 
V{T,x) = l - e , 
彻 x=o 0 
One shou ld no t ice t h a t the dif ferences between P D E (3.5) and P D E (3.7) are t h a t 
the P D E s are def ined i n d i f fe rent doma ins of x and w i t h d i f ferent t e r m i n a l condi -
t i on . A f t e r so lv ing the P D E (3.7) and t r a n s f o r m i n g V(t, x) back t o U(t, St, 112^), 
t he Black-Scholes fo rmu la , cj；, happens t o be 
= S e 普 t �聰 - mtoe-r�T-t�N((rj (3.8) 
+ “ 卜 [ i 广 明 - e 刷 N � ’ 
"m 二 , (Im = dm VT - t. 
G\J L — t a 
W e concent ra te on p r i c i ng f l o a t i n g s t r i ke lookback op t ions under t he B lack-
Scholes M o d e l i n th i s chapter , because these op t ions are f m i d a m e i i t a l i i i s t ru i r ie i i t s 
t o rep l i ca te o ther lookback p roduc ts . T h e p r i c i n g of f ixed s t r ike l ookback op t ions , 
l ookback spread o p t i o n and d y n a m i c f u n d p r o t e c t i o n are discussed i n C h a p t e r 5. 
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Chapter 4 
Floating Strike Lookback Options 
under Multiscale Stochastic 
Volatility Model 
T h i s chapter is d i v i d e d i n t o t w o par ts . I n the f i rs t p a r t , we der ive the serii i-
a i i a l y t i ca l p r i c i n g f o r m u l a for lookback op t i ons w i t h l inear homogenous payoffs 
by us ing a s y m p t o t i c technique. T h e n we present specif ic resul ts for floating s t r i ke 
lookback opt ions . A f t e r t h a t , we demons t ra te ef fect ive g rouped parameters cal i -
b r a t i o n by m u l t i p l e regression w i t h E u r o p e a n o p t i o n da ta . 
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4.1 Multiscale Stochastic Volatility Model 
4.1.1 Model Settings 
Denote St as the under l y ing asset price at t ime t. We assume t ha t St fol lows a 
Geomet r ic Browr i ia r i M o t i o n where the vo la t i l i t y is a stochast ic var iable depend-
ing on a fast mean- rever t ing process Yt and a persistent process Z i . Under the 
physical p robab i l i t y measure, the benchmark stochast ic processes for St, Yt and 
Zt are: ‘ 
“ clYt = -(m - Yt)dt + "^dWl^^ (4.1) 
e Ve 
dZt = Sc(Zt)dt + VScj(Zt)d\\f\ 
where m, e and <) are constant parameters, 
,W^'/i) and H/j⑵ are Wiener 
processes, f [ Y , Z) is a pos i t ive f unc t i on represent ing the vo l a t i l i t y of the stock. 
W h e n t and 8 are smal l , the stochast ic var iable Yt is the fast i r iea i i - rever t i i ig 
factor and the stochast ic var iab le Zt is the persistent factor . We al low a general 
cor re la t ion s t ruc tu re arriong three Wiener processes H^/o), H/•广）and Vl^/?) so t h a t 
( \ ( \ 
1^(0) I I 1 0 0 
⑴ = P i y r ^ 0 W , (4.2) 
� y y P2 p\2 \ / l - P 2 - P l 2 乂 
where W t is a s tandard three-d imensional B rowr i i an mo t i on , and the constant 
cor re la t ion coeff icients p i , p2, pu sat isfy \pi\ < 1 and pg + 离2 < 1. As we 
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can choose any pos i t i ve f u n c t i o n f ( Y , Z) t o mode l the vo la t i l i t y , th i s fo r i i i u la t io r i 
p rov ides suf f ic ient f l ex ib i l i t y for descr ib ing var ious types of SV models. 
T o o b t a i n a p r i c i ng f o r m u l a w i t h reasonable g r o w t h a t i ts l i m i t i n g po in ts , we 
shou ld impose some regu la r i t y cond i t i ons for func t ions , c ( Z ) , g(Z) and / ( F , Z ) , i n 
(4.1). Speci f ical ly , the f ( Y , Z) is a s m o o t h f u n c t i o n t h a t is bounded and b o u n d e d 
away f r o m zero. T h e two func t i ons c(Z) ar id g{Z) are assumed t o be s m o o t h and 
a t mos t l i n e a l l y g row ing a t i n f in i t y . 
N o a rb i t r age p r i c i ng t heo ry states t h a t op t ions va lua t i on shou ld be done un-
der a r i s k -neu t ra l p r o b a b i l i t y measure or equiva lent ma r t i nga le measure. W i t h 
cons tan t vo la t i l i t y , t he ma rke t is comp le te and there is a un ique r i sk -neu t ra l mea-
sure. However , t he present thesis takes i n to account the i i o i i - t r adab le s tochast ic 
v o l a t i l i t y so t h a t a f a m i l y of p r i c i ng measures is ob ta ined t h r o u g h parameter iz -
i ng the ma rke t pr ice of v o l a t i l i t y r isk . T h e marke t uses one of t h e m in p r i c i ng 
securi t ies. T o access the choice o f the ma rke t , one has t o ca l i b ra te (ef fect ive) 
r i s k -neu t ra l parameters f r o m m a r k e t pr ice and character is t ics. T h i s exp la ins w h y 
m a r k e t people requires o p t i o n pr ices to fit v o l a t i l i t y smiles. 
T h e choice of the ma rke t can be descr ibed by stochast ic d i f fe ren t ia l equat ions 
w h i c h character ize the process o f (4.1) under the r i sk -neu t ra l measure. Specif i -
cal ly , we def ine 
I ( " - / • ) 肌 幻 、 
W 卜 W t + / 如, 
Jo 
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where 7(7/, z) and ^(y, z) are s m o o t h bounded func t ions of y and z. Hence, the 
ma rke t pr iccs of v o l a t i l i t y r isk arc def ined as 
A('"’'）二 加 ) 
F("，:）= "〉((; + Pl2l{y, z) + y j l - p\-远彻’ z). 
T h e r i s k -neu t ra l measure used by the m a r k e t is comp le te ly ref lected by the func-
t i o n a l f o rms of A and F. C a l i b r a t i o n t o effect ive parameters imp l i ed by A and F 
w i l l be de ta i l ed i n the la ter pa r t of th is paper . W i t h A and F f ixed, the processes 
of (4.1) under t he r i sk -neu t ra l measure become 
‘dSt 二 + 
dYt = dt + "^dW^'^* (4.3) 
e v e 」 
dZt = [SciZt) - VSg{Zt.)riYt, Z,)] (It + y/dg(Zt)dWl:^^\ 
where r is the in terest ra te, q is the d i v i d e n d y ie ld and the co r re la t i on s t r u c t u r e 
of W j rema ins t he same as (4.2). 
4.1.2 Partial Differential Equation for Lookbacks 
Deno te U{t, 5 , 5 * , Y, Z) be the pr ice f u n c t i o n for a lookback o p t i o n where S; 
represents mf, or ML T h e co r respond ing payof f f u n c t i o n is denoted as H[S, S*). 
T h e n , r i s k - n e u t r a l v a l u a t i o n asserts t h a t 
"‘ U(t, S, S\ y, Z) = E^ s*)^， 
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where Q is the r i s k -neu t ra l measure under wh i ch the processes of (4.3) are de-
f ined. B y the Fcyn i i i a i i -Kac fo rmu la , the p a r t i a l d i f fe ren t ia l equa t ion ( P D E ) for 
lookback op t i ons can be ob ta ined as an i n i t i a l b o u n d a r y value p rob lem. 
I n th i s paper , t he P D E f o r m u l a t i o n focuses on lookback op t ions whose payoffs 
have the l inear homogeneous p r o p e r t y s ta ted i n equa t i on (3.4), i.e. H{S, S*)= 
SH{\n(S*/S)) for some f u n c t i o n H(-). One i m m e d i a t e l y recognizes t h a t f l oa t i ng 
s t r ike lookback op t ions fo l low th i s p r o p e r t y b u t f i xed s t r i ke lookback op t ions do 
no t . However, I shal l demons t ra te i n the nex t chapter t h a t fixed s t r ike lookback 
op t ions can be va lued t h r o u g h pr ice func t ions of floating s t r i ke lookback opt ions. 
Thus , our cons idera t ion has r i ch enough app l i ca t i on . 
For l ookback op t i ons w i t h l inear homogeneous payoffs, t he n i i i i i ber of inde-
pendent var iab le invo lved i n t he P D E can be reduced by one. Specif ical ly, we 
present the P D E as fo l lows. 
V = 0, 0 < i < T , 
V(T,x,Y,Z) = H(x) (4.4) 
^ — 0 
彻 x=o — ’ 
where 
x = In ( 5 7 5 ) , V = U/S 
a ' = - £ o + ^ C , + £2 + V ^ A ^ i + + \/ 
e Ve V e 
, ( � a 2 炉 
•  A) 二 + 
Q2 Q 
£1 = — V%yi"/('"，20^^ + \/^(Pl"/('"，2；) -"A('"，2:))@， 
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Ml = (P2g(z)f(y, z) - g{z)r(y, z)) — - f)2(Az)f{y, 
Q2 
T h e govern ing equat ion (4.4) is def ined for 工 〉 0 i f 二 M J and for x < 0 i f 
57 = mf). I t may be w o r t h men t i on ing t h a t the governing equat ion of (4.4) is the 
consequence of the Feynir iar i -Kac fo rmu la fol lowed by t r ans fo rma t i on of variables. 
4.2 Pricing Lookbacks in Multiscale Asymtoeics 
111 th is section, we value lookback opt ions by so lv ing (4.4) i n asympto t i c ex-
pansions under the assumpt ion t h a t 0 < 《 1 . T h i s can be achieved by 
consider ing the p r i c ing func t i on of the f o r m 
oo 
V = E 科 " ％ (4.6) 
»j=o 
= + v^Vo, ! + y/SVi^o + v ^ V i ’ i + eVo’2 + SV2,o + … • ’ 
where Vq (or V。’。）and V i j are func t ions of {t, x , Y, Z) t h a t w i l l be solved one by 
one u n t i l cer ta in accuracy a t ta ined. 
S u b s t i t u t i n g (4.6) i n to (4.4) and co l lec t ing 0 ( l / e ) terms, we end up w i t h 
= 0 ’ 
w h i c h conf i rms V^ ) be a f unc t i on independent to y. T h e next step collects the 
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te rms of to y ie ld 
CoVo,i + C.Vo = 0 => CoVo,i = 0, 
since C i involves '"-di f ferent ials. I t concludes t ha t Vq.i is a func t ion i r idepei idei i t 
of y also. Con t i i i i i i r i g the process to o b t a i n (9(1) terms, we have 
CoVo,2 + CiVo,i + C2V0 = 0 CoVo,2 + C2V0 = 0. (4.7) 
G iven the func t i on Vq, equat ion (4.7) is a f i rst order l inear o rd ina ry d i f ferent ia l 
equa t ion ( O D E ) t h a t un ique so lu t ion exists w i t h i n at most po l ynomia l l y g row ing 
to i n f i n i t y i f 
Ey{C2Vo) = 0 , " 〜 A A ( m , " 2 ) ’ 
where the d i s t r i b u t i o n of y is der ived f r o m the operator Cq. Th i s fact is known as 
the Fredhol i r i so lvab i l i ty for Poissoii equat ions. Since V^ is a func t ion independent 
to y , the cxpcc ta t i o i i on ly takes cffcct on the operator £2 t h r o u g h the func t i on 
/ ( -y , z). Specif ical ly, 
Ey{C2Vo) = Ey(C2)Vo = 0, 0<t<T (4.8) 
Vo{T,x)=则，尝=0. 
X—0 
A more exp l i c i t expression for (4.8) can be ob ta ined t h r o u g h deno t ing 
Ey{f{y,z)') = a{z)\ y �hfijn.i?). (4.9) 
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I t fo l l ows t h a t t h e E y ( C 2 ) i n (4.8) is t h e s t a n d a r d BS opera to r^ w i t h v o l a t i l i t y 
？f(z). Hence, wc def ine 
: = 五 “ 乙 2 ) = ~ + 去刚 2‘ - (r - (I + •咖 2 )基 1 . . (4.10) 
I n fac t , t h e p a r a m e t e r a{z) is t h e s h o r t t e r m v o l a t i l i t y o f t h e u n d e r l y i n g asset 
p r i ce s ince t h e d i s t r i b u t i o n o f y is t h e i n v a r i a n t d i s t r i b u t i o n o f Yt w i t h Zt b e i n g 
f i xed. T h i s leads t o t h e f o l l o w i n g consequence. 
P r o p o s i t i o n 4 . 2 . 1 . T h e z e r o t h o rde r a p p r o x i m a t i o n for any l o o k b a c k o p t i o n 
w i t h l i nea r homogeneous payo f f is t h e B lack-Scho les p r i c i n g f o r m u l a s o f t h a t 
o p t i o n w i t h a s h o r t - t e r m v o l a t i l i t y , de f ined i n (4.9) . I n fac t , Uq = SVq. 
4.2.1 Fast Timescale Asymtotics 
A f t e r t h e z e r o t h o r d e r a p p i o x i i n a t i o i i is se t t l ed , I t h e n der ive h igher o rde r cor -
r e c t i o n t e r m s . Cons ide r 0 { y / e ) t e r m s , 
t h a t leads t o t h e resu l t 
Ey(CoVo,3) = 0 2) + Ey(C2)Vo, , = 0 ’ 
a f t e r a p p l y i n g t h e F r e d h o l i n s o l v a b i l i t y a n d r e c o g n i z i n g Vq,! be i n d e p e n d e n t t o y . 
I n o rde r t o so lve Ko,i f r o m t h e above e q u a t i o n , we express K)’2 i n t e r m s o f Vo，i 
iRemark: If we let x = In 5, then the coefficient of 嘉 in the BS operator is r — g — fT^/2. 
However, we now have x = hi(S*/S) so that the coefficient of 悬 in the BS operator becomes 
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w i t h the equa t ion (4.7) t o reach 
CLS^O,! = 0<T<T, (4.11) 
VoAT,x,z) 二 0, ’ = 0 . 
似 x=0 
T h e r i gh t h a n d side of (4.11) is a k n o w n q u a n t i t y as Vq l ias been ob ta ined by the 
ear ly steps. There fore , the P D E of (4.11) becomes the s t a n d a r d BS equa t ion for 
l ookback op t ions w i t h a source, the f u n c t i o n i n the r i gh t h a n d side of (4.11). 
A p p e n d i x A shows t h a t the source t e r m of (4.11) takes the fo l l ow ing exp l i c i t 
f o rm : 
一 E y ( C , C o ' C 2 V o ) (4.12) 
/ d 炉、 d ( d d^ \ 
= ( P 3 ( . ) - ⑷ ） + ⑩ ; K 。 - P 3 ⑷ 石 + K 
= ' p ^ j z ) - P2{z)] dVo Ps(z) d avo 
— _ -cf(z){T - t ) \ da{z) ~ 7f(z){T - t ) ' ^ d 7 f { z ) ' 
where P2(z) and P ^ i z ) are ef fect ive parameters t h a t can be ca l i b ra ted f r o m the 
v o l a t i l i t y smi le of van i l l a op t ions , see Fouque et al. (2003b) . T h e expression 
(4.12) shows t h a t the source t e r m of P D E (4.11) is a l inear c o m b i n a t i o n o f h igher 
order d i f ferent ia ls of t he ze ro th order t e rm . Vq. I t is easy t o show t h a t func t ions 
of the f o rm : are homogeneous so lu t ions to the P D E (4.11). There fore , the 
source t e r m is a l inear c o m b i n a t i o n o f homogeneous so lu t ions of the P D E (4.11). 
I t is i m p o r t a n t t o check whe the r (4.11) can be solved i n closed f o r m for x > 0 
and X' < 0 respect ively. However , P D E s l ike (4.11) are re levant t o s lowt i i r ie scale 
analys is also. Thus , we develop a p ropos i t i on for so l v ing a more general f o r m of 
P D E d u r i n g x' > 0 ar id a: < 0. 
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P r o p o s i t i o n 4 . 2 . 2 . Cons ider t h e P D E : 
n 
JC^bsV = 办,之)G 办 ’ 0 < t < T , 
1=1 
dv 
= 0, — =0. 
加x=0 
I f Gi are homogeneous so lu t i ons o f t he above P D E , i.e. C^s^i 二 0 fo r a l l 
i = 1, 2, • • • , n , t i i c i i t he s o l u t i o n for d i f fe ren t do i i i a i r i o f x can be expressed 
i l l one e q u a t i o n by us ing a va r iab le P. W h e n d o m a i n o f the P D E is a: > 0, is 
de f ined as 1. O the rw i se , ,3 is de f ined as — 1. 
T h e s o l u t i o n o f t he P D E consists o f t h ree te rms , W{t, x , z), \]/(/3’ t, x , 2, g(., z)} 
a n d J(J3, t, z,g{-,x)) , i.e. 
V i t , x , z ) = VV(t, X-, z) + t, X, 2, z)) + t, z, z)). (4.13) 
where 
" / /-T \ 
W{t, x,z) = h、s, z)ds Gi(t, X, z), (4.14) 
^(j3,Lx,z.g(;z)) = Jt g{e, z)de, (4.15) 
j(/u�"(、劝=义 V " ) [蟲+小 
� 職 ; ； ； ， " ( • ’ 劝 - f 州，—劝.(4.16) 
w i t h r](9, X, 2) , h(j3,9. x, 2,g(-,z)) a n d a are g iven by : 
八 � L J 
[N(a(0 - t , x , z ) ) - N{a{9 - t, 0, z ) ) ] , (4.17) 
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where a{-f,x,z)= 
fT 細 小 了 - s ) 1[ . f 
h(p,e.x,z.g(-,z)) = / e •⑷v/rrgj z)ds 
, ( 
and a = I r - g H j . 
T h e rema in ing func t ion , g(.，z), is independent of x and i t can be de te rmined 
f r o m z): 
" ( . ’ … ^ . (4.18) 
U 丄 x=0 
T h e p roo f is g iven i n append ix B. 
A p p l y i n g P ropos i t i on (4.2.2) t o P D E (4.11), I o b t a i n 
= Wo,i(t, X, z) + L X, z. (•, z)) + J{(5, t, z, (4.19) 
where t, x , z, (/o,i(-, z)) and J(j3, t, z)) are def ined i n P ropos i t i on (4.2.2) 
and 
IV (十.，、 刚 - 刚 dVo Psjz) d'Vo 
輩 工 ’ 力 = — W ) ^ 顾 + 雨 ^ ^ ^ ， （4.2。） 
抓 1(.,⑷ 二 I 
I t m a y be w o r t h r i ier i t ioni r ig t h a t the f u n c t i o n is re la ted to the B lack-
Scholes Vega of the correspor id i r ig lookback op t ion . 
4.2.2 Slow Timescale Asymtotics 
F r o m the 0 ( \ / ^ / e ) te rms of equa t ion (4.4) and (4.6): 
jCoVifi = 0, V ^ o l b T = 0， 
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we k n o w t h a t V i ^ is a f u n c t i o n i ndependen t t o y . T h i s makes us c o n f i r m t h a t 
V i , i is a f u n c t i o n i n d e p e n d e n t t o y also. T o see th i s , co l lect te rms: 
A)K’1+AVi’O + M3K) = 0’ 
w h i c h imp l i es 
A)Vi’i = 0’ 
because Vq a n d Vi’o are f u n c t i o n s i i i depender i t t o y a n d ope ra to rs Ci a n d M3 
i nvo lve y d i f f e ren t i a l . T h e message of Vi，i i ndependen t t o y is c lea r l y fo l lowed. 
T h e goa l o f t h i s subsec t ion is t o d e t e r m i n e t h e slowscale co r rec t i on t e r m 
Co l lec t 0{y/S) t e r m s f r o m e q u a t i o n (4 .4) : 
CoVi,2 + A Vi，i + £2^^1,0 + M i V o + M . V o , ! = 0. 
Since a n d Vo,i are f u n c t i o n s i ndependen t t o y, t h e above gove rn ing e q u a t i o n 
is reduced t o 
A)V i^，2 + /:2VVo + A ^ i V b = 0， 
w h i c h is a Poissor i e q u a t i o n o n V"i，2. A p p l y i n g F redho l i r i so l vab i l i t y c o n d i t i o n 
a n d recogn iz ing Vi，o be a f u n c t i o n i ndependen t t o "，we o b t a i n a P D E for t h e 
slowscale c o r r e c t i o n t e r m : 
Ey(C2)Vi,o = C^sVifi = - E y ( M i ) V o , (4.21) 
1 / 1 n 3 巧，0 n 
.. u丄 工=0 
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A p p e n d i x A shows t h a t the source t e r m of the P D E (4.21) is: 
= 2 p ^ ] 尝 + 2譜基(声（,22) 
= � - P i � ) ( -£+£)v� 
1 dx \ dx dx"^) • 
where PQ{Z) ar id P\{z) are ef fect ive pa ramete rs t o be ca l i b ra ted . 
O n e i m m e d i a t e l y recognizes t h a t t h i s source t e r m is a horriogerieous so lu t i on 
o f (4.21) . W e can use P r o p o s i t i o n (4.2.2) t o solve the p rob lem. T h e resul t is 
= X, z) + t, X, z. z)) + t, 2, 2)), (4.23) 
where vI/(/j, /,，:,;’ z、"i’o(-，z)) a n d /,’ 2’ .奶’ o(-, 2) ) arc do fined i n P r o p o s i t i o n (4.2.2) 
a n d 
仍，o(-,之）= ^ 
L 」口 0 
4.2.3 Price Approximation 
A c c o r d i n g t o (4.6) and t he t r ans fo r i r i a t i o r i t h a t U = SV, t h e f i rs t order pr ice 
a p p r o x i m a t i o n , [ / , for a l ookback o p t i o n w i t h l inear homogeneous payof f is 
U = s ( y o ^ V~tVo,i + 哉 0) ：二 (4.25) 
where Vq, Vo,i, are g i ven b y P r o p o s i t i o n (4.2.1) , (4.19) a n d (4.23)，respectively. 
I n o rder t o i n t e rp re t t h e pr ice f o r m u l a , we inverse t h e t r a n s f o r m a t i o n t o make 
t h e p r i ce f u n c t i o n i n t e rms o f S a n d S* i ns tead of x a lone. T o s i m p l i f y m a t t e r a n d 
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connect effective parameters t o ca l ib ra t ion , we in t roduce the fo l lowing nota t ions 
Po" = V ^ n ( ^ ) , P^ = V~dPi(z), (4.26) 
Pi = ⑷，尸二 WP3⑷， 
where Po{z), f \ ( z ) , 戶 2 ⑷ and Ps lz ) are def ined i n append ix A . Then , we have 
the fo l l ow ing propos i t ion . 
Proposition 4 . 2 . 3 . For any lookback opt ions w i t h l inear homogeneous payoff, 
the f i rst order pr ice app rox ima t i on is g iven by 
〜 f dURq\ 
\d(j(z)J 
‘ fT「队 / ^ / V r o M 
-sp / 宰 = rae, in(sys)^z) de (4 . 27 ) 
似 t , z,如’i(.’ 2O) + StV~dJi3, /，z,仍’。(.’ z)), 
where ri{0, - .z), J{P, L, z, f/o,i(-, z)) and J{/3, L, z, 2)) arc dof inod i n Proposi -
t i o n (4.2.2), z) and g i ’o( - ’2) are def ined i n equat ion (4.20) and (4.24). At, 
Be are operators t h a t 
乂F 由 + ( T - ” ( - P i 喊 ) : . 
召。 =由 [ (巧 - p < s +尸 3吵 + - 約 + p 喊 s - p 喻 - . 
T h e p roo f is o m i t t e d since i t is j us t a s t ra igh t fo rward c o m p u t a t i o n trar is-
forrr i i r ig back the pr ice func t i on of (4.25) i n to a func t i on of S and S*. 
Remarks : 
34 
1. Since UBS is l i nea r l y homogeneous i n 5 , the t e r m 
fdUssX 
-S I游⑷力 
is a f u n c t i o n of the t i m e var iab le 0 only. 
2. O n page 254 of K w o k (1998), i t is seen t h a t •^ii{OJn�S*/S), z) is p ropo r -
t i o n a l t o the p r o b a b i l i t y dens i ty f u n c t i o n of the f i rst passage t i m e t h a t t he 
asset pr ice S h i t s the value S* under cons tan t vo la t i l i t y . Therefore , the in-
t e g r a t i o n i n P r o p o s i t i o n (4.2.3) is indeed ro f ioc t ing the impac t of mu l t i sca le 
s tochast ic v o l a t i l i t y on the f i rs t passage t i m e densi ty. 
I n words , P r o p o s i t i o n (4.2.3) says t h a t the f i rs t order a p p r o x i m a t i o n for look-
back op t ions compr ises w i t h four par ts . Speci f ical ly , 
Looback o p t i o n pr ice under S V 
= Black-Scl io les f on r i u l a for l ookback o p t i o n 
+ C o r r e c t i o n of Vega 
+ C o r r e c t i o n of De l ta -Vega 
+ Co r rec t i on of f i rs t passage t i m e d i s t r i b u t i o n . 
I n Fouque et al. (2003b) , t he f i rs t order a p p r o x i m a t i o n for E u r o p e a n op t i ons does 
no t have the last p a r t , t he f i rs t passage t i m e ad jus tmen t . T h i s is because l ookback 
op t i ons invo lve an a d d i t i o n a l p a t h dependent var iab le S* • We see t h a t p r i c i n g 
exo t ic op t i ons under t he mul t i sca le S V m o d e l can be rr i i ich more soph is t i ca ted 
t h a n p r i c i n g p a t h independen t op t ions . 
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4.2.4 Estimation of Approximation Errors 
Since the f o r m u l a presented i n P r o p o s i t i o n (4.2.3) is an a p p r o x i m a t i o n , i t is cru-
c ia l for users t o unde rs tand i ts accuracy. T h i s requires us t o der ive an upper 
b o u n d for the q u a n t i t y \U - U\ or \V - V\. To establ ish the b o u n d we fo l low the 
steps of Fouque et al. (2003b) to i n t r oduce the h igher order a p p r o x i m a t i o n for V 
V = V + eV2,o + … V 3 ’ o + ( v ^ K i . i + €^2,1) ’ (4.28) 
and the co r respond ing er ror t e r m R = V — V. T h e n , i t is clear t h a t 
< + = + Oie + d + V ^ ) . (4.29) 
I t remains t o de tenr i i i i e the order of R. S imple ca l cu la t i on shows t h a t the er ror 
t e r m , R , satisf ies 
C’6R = eRi + y/76R2 + dR3, 
R(T,x,y,z) = 0， (4.30) 
f = 0, 
where R i , R2 and R3 take the f o r m ^ a i ( d ' V o / d x ' ) . 
Def ine X ^ as a m o d i f i e d process of X t such t h a t i t has a re f lec t ing b o u n d a r y 
a t X = 0. T h e n , by (4.30) , t he er ror t e r m R can be represented as fo l lows: 
R = tE 八 - j t Ri(s,Xs.ys.Zs)ds Xt.Yt.Zt^ (4.31) 
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I t imp l ies t h a t = 0{e + + S) i f a l l expec ta t i ons are bounded . T h e 
equ iva len t c o n d i t i o n is t h a t R : , R 〗 a n d are s m o o t h f unc t i ons independen t t o 
€ a n d 6, u n i f o r m l y b o u n d e d i n t, x , z and at mos t l i nea r l y g r o w i n g i n y. I n o ther 
words , we requ i re ^ ^ t o be u i i i f o r r r i l y b o u n d e d i n £, x, z fo r a l l n. T h i s r egu la r i t y 
c o n d i t i o n ho lds i f the o p t i o n payof f , H{x), has the p rope r t y , H'{0) = 0，such t h a t 
no s i n g u l a r i t y happens a t (t, x) = ( T , 0) i n P D E (4.8). O the rw i se , t he accuracy 
o f t he pr ice a p p r o x i m a t i o n m a y be d i s to r t ed . 
For mos t f i nanc ia l and insurance p r o d u c t s , the c o n d i t i o n , H'{0) 二 0, does 
n o t h o l d so t h a t d i f f e ren t ia l t e rms , m a y b low up as t — T and x —> 0 for 
some n . T h e same p r o b l e m also happens i n t he case of E u r o p e a n op t i ons since 
the i r payo f f f unc t i ons have an "hi i ik"" a t t he a t - t h e - m o n e y p o i n t . T o o b t a i n the 
o rder of accuracy for E u r o p e a n op t i ons , Fouque et al. (2003a,b) app l ied s ingu la r 
p e r t u r b a t i o n techniques t o show t h a t t he accuracy is of 0(e In e + <5 4- T h e i r 
app roach requires the a n a l y t i c a l f o r i r i u la of VQ t o der ive t he bounds . B y m o d i f y i n g 
t h e app roach of Fouque et al . (2003a,b) , we der ive t he o rder of accuracy for 
speci f ic p r o d u c t s i n nex t sect ion. 
4.3 Floating Strike Lookback Options 
W e consider the f l o a t i n g s t r i ke l o o k b a c k p u t o p t i o n , whose payo f f is 
- = -ST. 
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T h i s payof f f u n c t i o n is l inear ly homogeneous i n the sense t h a t M 『 — S T = 
— 1) where XT 二 > 0. T l i c rc fo rc , floating s t r ike lookback p u t 
has a payof f sa t is fy ing a l l cond i t ions s t i pu la ted i n equat ion (3.4). 
B y P ropos i t i on (4.2.1), the zero order t e rm , jj》。is the BS f o r m u l a for the 
op t i on . T h i s f o r m u l a is avaiable i n the l i t e ra tu re , G o l d m a n et al. (1979) and i t 
is the same as equa t ion (4.32) b u t w i t h a replaced by a(z). 
V] i = _ S e — 収 - 。 i V ( - 4 / ) (4.32) 
— 「 2(r-Q) -
a(z) N(d+ ) - e-r(T-t) M V TV (rF ) 
+ 2 { r - q f ‘ N、dM、e (似《 J N { d , , ) , 
+ h 士 明 ( T — ” 
� nz、vr=i , 
P r o p o s i t i o n (4.2.3) can be app l ied d i rec t l y t o o b t a i n the f i rs t order pr ice ap-
p r o x i m a t i o n as 
+StVeJ{l, t, 2,如’ 1(•’ z)) + StVSJ{l, t, z, z)), (4.33) 
where 7](0, -.z) , A , Be, J{l,t, z, z)) and z, z)) are def ined i n 
P r o p o s i t i o n (4.2.2) and P ropos i t i on (4.2.3) respect ively. To fac i l i t a te i i r ip le ir ie i i -
ta t io r i , append i x C gives exp l i c i t expressions for Vega, De l ta-Vega, Gamma-Vega , 
go,i{-,z) and ^/ i ’o(- ’2) of f l oa t ing s t r ike lookback opt ions. 
S im i la r l y , floating s t r ike lookback ca l l o p t i o n can be va lued i n the same manner 
by a p p l y i n g Propos i t io i i (4 .2 .2 ) and Propos i t io r i (4 .2 .3 ) . W i t h o u t i r ie i i t i o i i i ng the 
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deta i l procedure, we present the pr ice app rox ima t i on as fol lows: 
/ \ 厂T「/? / dc^ \ ‘ 
where 
4 = < S e — - . m f > e : - # - 。 i V ( 0 (4.34) 
+ 药 S [ e - … ） ( ⑤ - 錄 （ ） - e - … ) ( / ; ) , 
‘ = ， ‘ 
4.3.1 Accuracy for the Price Approximation 
To derive the accuracy for the price approx in ia t io i i , we concentrate on the p u t 
op t i on as the cal l coun te rpar t is s imi lar . T h e t rans fo rmed payoff f unc t i on is 
H(x) = e^ - 1 wh ich impl ies / / ' (O) = 1 ^ 0 . Therefore, i t is necessary to 
der ive bounds for the error t e r m in (4.31) to access the accuracy of the pr ice 
app rox in ia t i o i i of (4.33). 
B y inspect ion, the BS p r i c ing fo rmu la for the floating s t r ike lookback p u t i n 
(4.32) can be v iewed as 
where 
Vb = e-八 T-t) Ni^cfM、+ e—q(T-t) Ni^d+M、 
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I t is easy ( b u t ted ious) t o show t h a t b o t h ^ ^ a n d ^ ^ have t he same order o f 
b l o w i n g u p t o i n f i n i t y as t h a t o f ^ ^ for t —> T a n d x 0, where V j = CBS/S 
and CBS is t h e Black-Scholes pr ice o f van i l l a cal l . A s V j i { V j i = p ^ j JS ) i s the l inear 
c o m b i n a t i o n o f VA and V s , i t s der iva t ives have t he same order o f b l o w i n g u p t o 
i n f i n i t y as t h a t o f E u r o p e a n op t ions . B y a rgumen ts o f Fouque et al. (2003a,b) , 
t he er ro r t e r m o f R i n (4.31) is o f 0(e In e + v ^ + d) for t he floating s t r i ke 
l ookback p u t . S im i l a r l y , t he f l o a t i n g s t r i ke l ookback ca l l a t t a i n s t he same order 
o f accuracy. 
4.4 Calibration 
Fouque et al. (2003b) showed t h a t the m a r k e t pr ice o f E u r o p e a n o p t i o n , deno ted 
by V ^ , can be expanded i n the power of y / t and \ /S , 
= + + + + + . (4.35) 
O n the o the r hand , t h e m a r k e t i m p l i e d v o l a t i l i t y f u n c t i o n , / , is assumed w i t h 
ano the r a s y m p t o t i c expans ion , namely , 
/ = /o + Velo , ! + V^/i，o + + e/o,2 + Sl2,o + ••• . (4.36) 
T h e m a r k e t i m p l i e d v o l a t i l i t y is o b t a i n e d b y m a t c h i n g the B lack-Scholes p r i c -
i n g f o r m u l a t o t h e m a r k e t p r i ce of op t ions . Speci f ica l ly , t he va lue o f I solves t he 
equa t i on " 
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Compare the Tay lor expansion of V^f w i t h respect t o a at the po in t IQ and 
the asympto t i c expansion of (4.35) to o b t a i n 
V 它 = K f + y^Kfi + 五0 … 
=K)，。) + ^ ^ V ^ / c u + + … . （ 4 . 3 7 ) 
Th i s enables us to relate imp l i ed vo l a t i l i t y f unc t i on to sensi t iv i t ies of opt ions. 
M a t c h i n g zeroth order te rms in (4.37) shows t ha t 
= = = /o) = a{z). (4.38) 
Since the Black-Scholes Vegas of European calls and pu ts are of posi t ive values, 
i.e. ^ ^ > 0, the first order t e r m conf i rms tha t 
了0,1 = V ^ , X 閉 ， 7 , 0 = 《 X 閱 . (4.39) 
Therefore, the imp l ied vo la t i l i t i es of European calls and pu ts can be approx ima ted 
by the expansion of (4.35) together w i t h ident i t ies of (4.38) and (4.39) once the 
func t iona l forms of Vq^, Vq^ ^ and V^Q are avai lable. 
I n the paper of Fouque et al. (2003b), the imp l i ed vo l a t i l i t y for European 
cal l op t ions of (4.35), (4.38) and (4.39) is s impl i f ied to a very exp l ic i t expression. 
Specif ical ly, the imp l i ed v o l a t i l i t y of European cal l is app rox ima ted by a l inear 
f o r m of the t ime to m a t u r i t y , logar i t l i in ic- i r io i iey i iess and the in te rac t ion effect, 
L M M R as fol lows: 
ai ~ aiz) + + b\T - t)] + + a\T — ^ 仰 , (4.40) 
T _ t 
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where cr； is t he i m p l i e d v o l a t i l i t y ar id t he pa ramete rs are re la ted t o t he g r o u p of 
pa ramete rs {P^ , P f , F^ , P3) by 
o" = - P l K z f , = P^/7f{z) — (r — q — a ( z ) ' / 2 ) ， 
I n ou r nu i r ie r ica l resul ts i n chap te r 6, the pa ramete r a{z) is e s t i m a t e d f r o m 
h i s to r i ca l d a i l y i ndex value over one m o u t h hor izon . T h e n , we a p p l y s imp le 
l inear regression t o es t imate 
f r o m (4.40) and t h e n e x t r a c t t he g r o u p 
of ef fect ive pa ramete rs {PQ, Pf, P^、Pf). 
42 
Chapter 5 
Other Lookback Products 
I n th is chap te r , we i n t r oduce r i iode l - i i ideper ide i i t re la t ionsh ips between f l oa t i ng 
s t r i ke lookbacks and o ther lookback p roduc ts . B y us ing t he re la t ionsh ips , we 
can pr ice l ookback p r o d u c t s o ther t h a n floating s t r i ke lookbacks i n mu l t i sca le 
asy i i i p to t i cs . 
5.1 Fixed Strike Lookback Options 
W i t h i r iode l - independe i i t re la t ionsh ips deve loped by W o n g and K w o k (2003) , 
f i xed s t r i ke lookback op t ions can be p r i ced i n t e rms of t he f o r m u l a of floating 
s t r i ke lookbcaks . .‘ 
Bas ica l ly , f i xed s t r i ke lookback op t ions canno t be va lued w i t h resul ts devel-
oped i n C h a p t e r 4. T h e reason is t h a t the i r payof fs do not observe t he l inear 
homogene i t y [see equa t i on (3.4)] . T o see th is , let us take a look a t the payof f of 
f i xed s t r i ke l ookback cal l , m a x ( M ^ — /(，0). T h i s payof f f u n c t i o n does n o t have 
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t he l inear hoir iogerieous p roper t y . Moreover , there is an " l i i i i k " at the a t - t l ie -
rr ioi iey po in t w h i c h requires more ca l cu la t i on i n order t o o b t a i n accuracy i f we go 
t h r o u g h t he who le a s y m p t o t i c analys is once again. 
Fo r tuna te l y , W o n g and K w o k (2003) developed p u t - c a l l p a r i t y re la t ions for 
lookback op t ions w h i c h enable us t o pr ice fixed s t r i ke lookback op t i ons by the 
p r i c i ng f o r m u l a of f l oa t i ng s t r i ke lookbacks. These p a r i t y re la t ions are rriodel-
independent and hence app l i cab le to s tochast ic v o l a t i l i t y models as wel l . 
Le t us consider the f i xed s t r i ke l ookback cal l . T h e co r respond ing p a r i t y rela-
t i o n [see W o n g a n d K w o k (2003)] is 
Cf.i;[t, S, M ^ ; K) = p f i i t , S, i i iax(A/(5, A ' ) ) + S V 収 - 了-… 
T h e r i g h t - h a n d side can be a p p r o x i m a t e d by a s y m p t o t i c expans ion so t h a t the 
f ixed s t r ike lookback ca l l shares the same order of accuracy as the i r f l oa t i ng s t r ike 
coun te rpa r t . I t is soon t h a t tho floating s t r i ke lookack op t ions are funde i r ie i i ta l 
i i i s t r i i n ien ts to rep l ica te m a n y lookback p roduc ts . 
5.2 Lookback Spread Option 
For a more comp l i ca ted p r o d u c t l ike the lookback spread o p t i o n , one can also use 
the rep l i ca t i on techn ique t o o b t a i n the p r i c i n g fo rmu la . T h o payof f of tho lookback 
spread o p t i o n is i r i a x ( M ^ — rnj^ — K, 0) . W o n g and K w o k (2003) also der ived 
a inodel - i r ideper ident r e l a t i o n connec t i ng t he c u r r e n t l y i n - t h e - m o n e y ( I T M ) or 
A T M lookback spread o p t i o n w i t h f l o a t i n g s t r i ke l ookback opt ions . C u r r e n t l y 
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I T M or A T M lookback spread means t h a t 
ML - ML — K > 0. 
U n d e r t h i s s i t u a t i o n , l o o k b a c k spread can be va lued as 
LsAt, S, A 4 mf); K) = CFI(t, S, + PF,(t, 5 , M ^ ) - (5 .1) 
Thc ro fo ro , t he a s y m p t o t i c floating s t r i ke l ookback o p t i o n pr ices can be used t o 
a p p r o x i m a t e t h e l ookback sp read o p t i o n u p t o 0(e I n e + + (5) accuracy. T h e 
p r i ce for t h e c u r r e n t l y ou t - o f - t he - i r i o i i e y ( O T M ) l ookback spread o p t i o n can be 
d e t e n i i i i i e d i n a s im i l a r m a n n e r w i t h m o r e i i i a t l i e i i i a t i c s i nvo lved , see W o n g a n d 
K w o k (2003) . T h e v a l u a t i o n is o m i t t e d since t h i s paper concen t ra tes o n l ookback 
o p t i o n s w i t h s ingle e x t r e m e va r iab le . 
5.3 Dynamic Fund Protection 
A s exp la i ned i n chaper 3, t h e t e r m i n a l payo f f for t he va lue of t he d y n a m i c s f u n d 
p r o t e c t i o n shou ld be 
F ( T ) = F{T) m a x | l , m a x ^ ^ } — F(T). (5 .2) 
O u r p r o b l e m is t o e s t i m a t e t h e present va lue o f P. 
W e recognize t h a t t h e payo f f i n (5.2) resembles a q i i a n t o l o o k b a c k o p t i o n 
payof f . T o see th is , we i n t r o d u c e va r iab les 
SPIT) = K / F ( t ) a n d M ^ = m a x SF{T). (5 .3) 
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T h e n , t he payo f f becomes 
P(T) = F{T) n i a x ( l , M J ) — F{T) = F{T) i i i a x ( M j - 1 ,0 ) . (5.4) 
I f we v i e w F as t he exchange ra te a n d SP as t he u n d e r l y i n g asset pr ice i n the 
fo re ign cu r rency wo r l d , t h e n the payo f f (5.4) is n o t h i n g b u t the f i xed s t r i ke look-
back ca l l o n S f w i t h u n i t y s t r i ke t r a n s l a t e d back t o the domest ic cu r rency by t he 
exchange ra te F{T). I t is we l l k n o w n t h a t t he Eu ropean -s t y l e o f t h i s o p t i o n can 
be s i m p l y va lued as t l i c f i xed l ookback ca l l i n t he fo re ign cu r re i i cy w o r l d fo l lowed 
by m u l t i p l y i n g t he cu r ren t exchange ra te F(t), see D a i , W o n g a n d K w o k (2004) . 
I l l o t he r words , we estab l ish a i r i ode l - i i i depe i ide i i t resu l t t h a t 
P ( t ) = F ( t ) x c f U t . S F . M l ^ ) . (5.5) 
However , one shou ld be aware o f t he process o f SF as i t is de f ined i n t he fo re ign 
cu r rency w o r l d . I f the process o f F{t) is clof i i icd as (4.3) , t h e n t he in teres t ra te r 
is t he domes t i c in terest ra te w h i l e t h e d i v i d e n d y i e l d q co r responds t o t he fo re ign 
in teres t ra te . I n t he fo re ign cu r rency w o r l d , Sp is t he exchange ra te t r a n s l a t i n g 
f r o m t h e domest i c cu r rency t o t h e fo re ign cur rency . Hence, unde r the fo re ign 
cu r rency measure Q f , t he process o f S p is g iven by 
CISF = (q — r)SFdt + / ( y , ，乂 
where W ^ ' ^ is a s t a n d a r d B r o w n i a n m o t i o n under Q ^ . A l t e r n a t i v e l y , one can 
i n t e rp re t " Sf as a fo re ign asset p a y i n g a d i v i d e n d y i e l d o f r. U n d e r t he B lack -
Scholes asset dynamic， i .e . f ( x , y) = cons tan t , D a i , W o n g a n d K w o k (2004) gave 
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a comp le te analys is t o Amer i can -s t y l e q u a i i t o l ookback op t ions w h i c h shou ld be 
useful i n cha rac te r i z i ng the ear l y exercise p o l i c y o f dynam ics f u n d p ro tec t i on . 
However , t h i s paper concent ra tes o n Eu ropean -s t y l e l ookback o p t i o n p r i c i n g 
under n iu l t i sca le vo la t i l i t y . Since t h e p r i c i n g f o r m u l a of c j i x is connec ted t o the 
pr ice o f p j i , ou r a s y m p t o t i c s o l u t i o n (?? ) also prov ides an a p p r o x i m a t i o n t o the 
pr ice o f d y n a m i c f u n d p r o t e c t i o n u p t o h i accuracy. M o r e precisely, 
ou r a p p r o x i m a t e d p r i c e ,尸⑴， i s g iven b y 
P(f) = F ( t ) c f ^ ( t , SF, Mp\ i n te rchange t h e pos i t i ons o f r a n d q), (5.6) 
where c / ^ is def ined i n (??) . 
T o general ize our resu l t , we consider t he d y n a m i c f u n d p r o t e c t i o n w i t h a 
gaura i i tee level set as an index value. T h i s p r o b l e m has been s t u d i e d b y Gerbe r 
a n d S h i n (2003) ar id C h u and K w o k (2004) . However , we use an a l t e r n a t i v e v i ew 
t o ana lyze t h i s p r o d u c t . Le t I deno te t h e i ndex value. T h e i ndex - l i n ked d y n a m i c 
f u n d p r o t e c t i o n va lue has the payo f f 
F ( T ) r r i a x | l , m a x 梨 ] > - F ( T ) . 
�， \ ' o < r < T F ( r ) J ^ 、 
B y v i e w i n g F as an exchange ra te , t h e i n d e x va lue and i ts r i i ax i i r i u i n unde r i n 
the fo re ign c.urroncy w o r l d arc rcspoc t i vo ly de f ined as 
I F ⑴ = I { t ) / F ( t ) a n d M\ = m a x / ^ ( T ) . 
U n d e r t h e m a r t i n g a l e measure Q f , t he process o f I p is g iven by 
dip 二（(/F - qi)lFdt + f j ( y , (5.7) 
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where qp is t he d i v i d e n d y i e l d o f t he naked f und , q i is t he d i v i d e n d y ie ld of t he 
index ar id f i { y , z) is t he v o l a t i l i t y of IF. For t he re l a t i onsh ip a m o n g the v o l a t i l i t y 
o f IF, t he v o l a t i l i t y o f I a n d t he v o l a t i l i t y o f F , we refer t o t he paper o f W o n g 
(2004). W i t h these no ta t i ons , t he i ndex - l i nked d y n a m i c f u n d p r o t e c t i o n payof f is 
presented as 
Pi{T) = F{T) m a x ( M ; T - l ， 0 ) . 
T h i s establ ishes the mode l - i ndependen t r e l a t i o n be tween d y n a m i c f u n d p r o t e c t i o n 
and q u a n t o l ookback op t ions . Speci f ical ly , we w r i t e 
Pi{t) = F { t ) x c f U t J r , M j ) . 
B y recogn iz ing t he process o f //?, t he co r i espo i i d i i i g p r ice a p p r o x i m a t i o n becomes 
= F(t) X 硕 t, IF, M\- T = (IF, Q = QH f ( x , y) = f i ( x , y)), (5.8) 




I n th is chapter , we examine the effect of mu l t i sca le S V on f i xed s t r i ke lookback 
opt ions. Speci f ical ly , wo co inparo the Black-Scholos(BS) pr iccs of fixed s t r ike 
lookback p u t and ca l l w i t h the i r i r i i i l t iscale v o l a t i l i t y coun te rpar ts . I n the B lack-
Scholes mode l , we use a(z) as the cons tant vo la t i l i t y . 
F igu re 6.1 shows the effect of mu l t i sca le s tochast ic v o l a t i l i t y on fixed s t r i ke 
lookback cal l o p t i o n pr ice for d i f fe rent s t r i ke pr ices a n d ma tu r i t i e s . 
Wo s t u d y the ef for t of m i i l t i sca lo SV on fixed s t r i ke lookback ca l l o p t i o n 
pr ice t h r o u g h F igu re 6.1. T h e parameters of the p r i c i n g mode l are t = 70 /252 , 
r = 0.0363, q = 0.0251, W(z) = 0.099914, S = 1204.04, A/,； = 1229.11. I n 
the le f t h a n d side, the so l id l ine and dashed l ine show f ixed s t r i ke l ookback cal l 
o p t i o n prices v a r y across d i f fe rent st r ikes under mu l t i sca le s tochast ic v o l a t i l i t y 
m o d e l ar id the Black-Scholes m o d e l respect ively. T h e g r a p h i n t he t o p le f t h a n d 
corner represents o p t i o n pr ices w i t h one year m a t u r i t y whereas t he b o t t o m one 
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F i g u r e 6.1: F i x e d s t r i ke l ookback ca l l o p t i o n 
represents pr ices w i t h t w o years m a t u r i t y . I t is observed t h a t t h e B S pr ice is 
a lways be low the mu l t i s ca le a s y m p t o t i c s . T h a t is, t h e o p t i o n c o n t r a c t s h o u l d be 
charged for a d d i t i o n a l p r e m i u m o n t h e B S pr ice u n d e r t h e mu l t i s ca le S V assump-
t i o n . Fur ther r r io re , t h e a d d i t i o n a l p r e i i i i u i r i increases w i t h m a t u r i t y o f t h e o p t i o n . 
I n chap te r 4，we have d e r i v e d t h e mu l t i s ca l e a s y m p t o t i c s w h i c h consists o f t h e 
B lack-Scho los t e r m , t h e Greeks c o r r o c t i o n a n d t h e first passage t i m e d i s t r i b u t i o n 
c o r r e c t i o n (or b o u n d a r y c o r r e c t i o n ) . So, t h e Greeks a n d t h e b o u n d a r y co r rec t i ons 
s h o u l d c o n t r i b u t e t o t h e p r i ce co r rec t i on . I n t h e r i g h t h a n d side o f F i g u r e 6.1, we 
s t u d y h o w t h e Greeks c o r r e c t i o n a n d t h e b o u n d a r y c o r r e c t i o n c o n t r i b u t e t o t h e 
w h o l e p r ice co r rec t i on . I n t h e r i g h t h a n d side, t h e g r a p h s show t h e percentage 
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of co r rec t ion t o the Black-Scholes pr ice for the f i xed s t r ike lookback cal l op t ion . 
T h e so l id l ine shows the whole cor rec t ion , the dashed l ine shows the c o n t r i b u t i o n 
of the Greeks te rms and the d o t t e d l ine shows the rema inder , i.e. the b o u n d a r y 
cor rec t ion . I t is observed t h a t t he Greeks co r rec t ion and the b o u n d a r y co r rec t ion 
move i n oppos i te d i rec t i on and w i t h oppos i te sign. T h e Greeks p u l l t he o p t i o n 
pr ice t o a h igher level whereas the b o u n d a r y co r rec t ion pu l ls i t down. Fouque 
et al. (2003b) der ive the mu l t i sca le asyrnp to t i cs for E u r o p e a n o p t i o n , the pr ice 
co r rec t i on consists of Greeks only. Since lookback cal l op t ions are p a t h dependent 
op t ions , so an a d d i t i o n a l b o u n d a r y co r rec t i on t e r m is needed. One shou ld no-
t ice t h a t t he b o u n d a r y co r rec t ion is i m p o r t a n t for lookback op t i ons and i t offsets 
some Greeks cor rec t ion . 
F igu re 6.2 shows the effect of mu l t i sca le S V on fixed s t r i ke lookback p u t op-
t i o n w i t h an e x t r a paramete r m ^ = 1136.15. I n the le f t h a n d side, t he sol id l ine 
a n d dashed l ine show f ixed s t r i ke l ookback p u t o p t i o n prices va ry across d i f fer -
ent st r ikes under mul t isca le S V m o d e l a n d t he Black-Scholes m o d e l respect ively. 
A g a i n , t he g rap l i in the t o p le f t h a n d corner represents o p t i o n pr ices w i t h one 
year m a t u r i t y whereas the b o t t o m one represents prices w i t h t w o years m a t u -
r i t y . I t is observed t h a t the BS pr ice a lways be low the i r i i i l t isca le asy i i i p to t i cs . 
F u r t h e r m o r e , the a d d i t i o n a l p r e i i i i u i i i increases w i t h m a t u r i t y o f t he o p t i o n . 
I n t he r i g h t h a n d side of F i g u r e 6.2, t h e graphs show the percentage of cor-
rec t i on t o t he Black-Scholes p r ice for t he fixed s t r i ke l ookback p u t op t i on . T h e 
so l id l ine shows the who le co r rec t ion , t h e dashed l ine shows the c o n t r i b u t i o n of 
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F i g u r e 6.2: F i x e d s t r i ke l o o k b a c k p u t o p t i o n 
t h e Greeks t e r m s a n d t h e d o t t e d l ine shows t h e b o u n d a r y co r rec t i on . 
I t is observed t h a t t he Greeks c o r r e c t i o n a n d t h e b o u n d a r y c o r r e c t i o n move 
i n oppos i t e d i r e c t i o n , b u t t hey m a y n o t have d i f fe ren t s ign. Since l o o k b a c k p u t 
o p t i o n s are p a t h - d e p e n d e n t op t i ons , a b o u n d a r y c o r r e c t i o n t e n r i is needed too . 
For b o t h p u t a n d ca l l fixed s t r i ke o p t i o n s , we observe t h a t t he B S p r i ce a lways 
be low t h e mu l t i s ca l e asy i r ip to t i cs . F u r t h e r r n o r e , t h e a d d i t i o n a l p r e i r i i u i i i increases 
w i t h m a t u r i t y o f t h e o p t i o n t oo . T o conc lude , i t is i m p o r t a n t t o a d j u s t t h e pr ices 
for t he m u l t i s c a l e S V effect for l o o k b a c k op t i ons . For longer t h e m a t u r i t i e s , t h e 




T h i s thesis considers the i i iu l t i sca le v o l a t i l i t y mode l of Fouque et al. . (2003b) 
for p r i c i ng of der ivat ives w i t h lookback feature. I n chapter 2, we show t h a t i i iu l -
t iscale v o l a t i l i t y m o d e l can fit v o l a t i l i t y surface very wel l and a t t a i ns an eff ic ient 
ca l i b ra t i on scheme. B y irieans of s ingu lar - regu lar p e r t u r b a t i o n techniques, we 
establ ish pr ice a p p r o x i m a t i o n and i ts accuracy for var ious types of lookback op-
t ions. Speci f ical ly , we a n a l y t i c a l l y a p p r o x i m a t e f l o a t i n g s t r ike lookback op t ions , 
f ixod s t r ike l ookback op t ions , the lookback spread o p t i o n and d y n a m i c f u n d pro-
tec t i on under mu l t i sca le vo la t i l i t y . B y comiec t i ng d y n a m i c f u n d p r o t e c t i o n t o 
quan to lookback op t ions , we conc lude t h a t f l oa t i ng s t r i ke lookback o p t i o n is a 
fu i i da r i i e i i t a l l ookback i r is t rur i ie i i ts t h a t can be used t o rep l i ca te m a n y lookback 
p roduc t s i n t he mode l - i r i dpe i ider i t manner . W i t h ca l i b ra ted parameters , we see 
t h a t l ookback o p t i o n pr ices are h i gh l y sensi t ive t o t h e real ized v o l a t i l i t y wh i l e 
the Black-Scholes m a y under -va lue lookback op t i ons a n d hence dyr ia i i i i c f u n d 
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p ro tec t i on subs tan t ia l l y . I n order t o correct the Black-Scholes pr ice, an add i -
t i o n a l p r e m i u m is needed. T h e longer the con t rac t m a t u r i t y , the h igher is th is 
p r e m i u m . Since lookbacks are p a t h dependent op t ions , the p r e m i u m for the look-
backs no t o n l y consist o f Greeks co r rec t ion i n Fouque et al. (2003b) , b u t also the 




A. l Formula (4.12) 
W e real ize t h a t £ 2 ^ 0 = ( £ 2 一 Ey ( £ 2 ) ) V'o- Hence, we have 
乙 二 2 ( - 五 + � Vo-
D e n o t e (pijj, z) be t h e s o l u t i o n o f t h e O D E 
Co(f> = f { y . z f - a { z ) \ 
Since t h e t e r m £ 2 ^ 0 o n l y depends o n y t h r o u g h f { y , 2 ) , we have 
咖 々 ( - l + S ) 队 
w h i c h i m p l i e s 
乙 1 乙。-1 诚 二 ； ( 一 ( " ’ ” - 樣 劝 ( - £ + £ > 0 ’ 
A f t e r d e f i n i n g e f fec t ive p a r a m e t e r s : 
_ = and 眷 ， 微 f — , 
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we resul t i n the second l ine of f o rmu la (4.12). 
To show the last l ine of f o rmu la (4.12), we recognize t h a t VQ satisfies the 
govern ing equa t i on C ^ s ^ o = 0. Then , we take p a r t i a l d i f f e ren t ia t i on t o b o t h side 
of the equa t ion w i t h respect t o a{z) and y ie ld 
I t is easy t o ver i f y t h a t 當 = 0. T h i s together w i t h the above equa t ion ensure 
t h a t 當 is the so lu t i on of the non-homogeneous convect ion-d i f fus ion P D E . Since 
徵 and ^ ^ are homogeneous so lu t ion of t he govern ing equat ion, we know t h a t 
S r 碰 - ” ( - £ + £ ) 4 � 
wh ich gives the last l ine of f o rmu la (4.12). 
A.2 Formula (4.22) 
I t is easy t o see f r o m the de f in i t i on of M i t h a t 
-M^Vo = ( g ( z ) r ( y , z) 一 g(z)p2f(y, z ) ) ^ + g ( z ) p 2 f ( i / . z ) ^ , 
B y f o r m u l a (1)，we have 
A f t e r de f in ing effect ive parameters 
Po{z) = \ g { z ) a { z ) ^ E y [ r { y ^ z ) ] ( 2 ) 
and P,{z) = l y ( z ) p 2 c f { z ) E y [ f ( y , z ) ] ? ^ , 
we estab l ish f o r m u l a (4.22). 
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B Proof of Proposition 
B.l Proof of Proposition (4.2.2) 




V ( T . x , z ) = 0, — - 0 . 
咖 x = 0 
I f G i are hornogerieous so lu t ions o f the above P D E , i.e. C^gGi — 0 for a l l i = 
l , 2 ’ . - . ’ n 
Le t 
“ / fT \ 
W{t,x, z) = - V / k,{s,z)ds (3) tr V-/^  / 
w h i c h satisf ies t h e P D E : 
n 
= k 办 , X - , z ) , 0 < i < T , 
T T " T 、 r 腳 勝 
Def ine V{t, x', z) = W{t, x, z) + x, z), a n d i t can be shown t h a t x, z) 
satisfies: 
二 0, 0 < i < T , X > 0 , (4) 




Aga in , we let 
Q ( “ 和 (5) 
the equat ion goveri i i ig Q{t, x, z) is : 
C%sQ = 0, 0 < i < T , (6) 
Q(7>,2：) = 0’ = 冲 ， 4 
B y s imple t rar is for i i ia t io i i , h(t, x, z) 二 e — ^ ^ hw^z)^ wj、_ x, z) 
where q = ( r — + and h{t, x , z) satisfies: 
dh 1 ,、2 炉 / i _ 
瓦 + 0 斤 际 = 0 ’ O S k T ’ 
h { T , x , z 、 = 0 ， " L = 。 = e [ 4 + + T - 〜 ( t ， 4 
B y the so lu t ion f r o m Kevo rk i an (2000)， 
( �� / • � " : i . e [ ‘ " H (了 — s ) , 、 ， 
"("’(，工，"(.’。）=L • 制 广 批 
r 2 1 
1, i f X > 0 
where (3 define the so lu t i on for d i f ferent d o m a i n of x: = \ 
- 1 ’ i f x < 0 
Recover C t h r o u g h ( 5 ) , 肌 t, x, z, g{-,z)) = <[>{f3, t, x , z � z ) ) + ’J(J3, t, z, z)) 
where x , 2, z ) ) = J^ z, z))d^. Us ing i n teg ra t i on by pa r t 
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and do ing some simple ca lcu la t ion: 
= (3 j : g[e,z)rie,x,z)de (8) 
where 秦 ’ z) = [ e - H “ ’ M 、 e - “ 一 ) 。 ] 
八 乂 y/27T{9 — t) L J 
[N{a{0 - t, x, z)) — N{a{0 - t, 0，z))] 
X - ay 
and a (7 ’ 工， 2 ) = 
One should not ice t ha t b o t h (4) and(6) are needed to be satisf ied, these force 
J{J3, t, z, z)) satisfies an O D E : 
— Z t = qJ(pA,z.gi-,z)) + ag{t,z) 
—一） ^ 
^ U丄 x=0 
J ( 0 , T \ z 』 [ 、 z ) ) = 0 (9) 
So lv ing (9): 
聊 ’ z，於’劝= 
X 劝 - 脊 " ( M ] " 。 . (10) 
Col lec t ing (3), (8) and ( 1 0 )， V ( t , x , z ) = W(t,x,z) + + 
J(P, t, z, g(-, z)) is solved. 
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C Black-Scholes Greeks for Lookback Options 
Black-Scholes F o r m u l a for F l o a t i n g S t r i ke L o o k b a c k P u t O p t i o n 
p'fi =-如-収—。iV(-4,) + M“-r(r-。iV(-(ZJ 
+ 卜 , ( 4 , ) - ( 為 ) - V N ( - ‘ ） ， 
i r i 為 土 4 ) ( T — 力 ) — + y 
H [ — / ? r 7 ‘ " m — "A/ ^ V i I , 
( j v i - 1 (y 
Greeks for F l o a t i n g St r ike Lookback P u t O p t i o n (Vega, De l ta -Vega, G a i i m i a -
Vega) 
f = 拟 f ) — 利 丨 字 A 
士 S t 六 e 普 t 、 鴨 、 
dS OCT J (/• - q) G 
— 十 ( r i ) 、M) 
+ ) 丄 姊 収 - 0 
蔽 ‘ 二豕 UJ 、M) ^ 
| 8 1 n ( 蠻 I 1 1 紀、2 r 2 1 n ( f ) - 2 
J S t V ^ [ a ^ V r ^ t 
4 1 n ( f ) ( r - ^ ) — 2 1 n ( f t o l 
a^s/T^t - t) 
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z), gi,o{-, z) for p r i c ing F l o a t i n g Str ike Lookback P u t O p t i o n 
( 十 、 F s W 「 2 e 刷 會 - 0 -
“ �P 八 z ) r 2 V T ^ t e 普 t 、 • 臂 
九 o M ) - 对 e 
+ 4 ( , . - 」 力 ( - ( r - ci 
… ) 3 \ H ^ ) J 
Black-Scholes Fo rmu la for F l o a t i n g Str ike Lookback Ca l l O p t i o n 
[ - e - + e ( 盖 ) - V " K ) , 
Greeks for F l oa t i ng St r ike Lookback Ca l l O p t i o n (Vega, Del ta-Vega, Gari i i r ia-
Vega) 
(r - q) 
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dS da \ S t ) 、、) (r - q) a 
4 1 n (碧 ) (卜叫— 
十 (r-q) ( 爪 ) 
_ ^ 經 — [ 4 ( r i ) ( l n ( f ) - l ) 
\ St y / ^ [ a^y/T^t 
a^y/T^t c7'(T - t) 
yi,o{-j z) for p r i c i ng F l o a t i n g St r ike Lookback Ca l l O p t i o n 
而 昨 ） ) 
仍，o(力，力二 ^ - 徐 � Y e I 
—4(r - - Q ( � ( ( r - (1 _ 
昨)3 V ^ )_ 
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